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(These Lecture Notes replace neither the Text Book nor the Lectures)
Part 2
e Linear Transformations.
e The Matrix of a Linear Transformation.
e Matrix Operations.
e Inverse of a Matrix.
e Invertible Matrix Theorem.

e Inverse of a Linear Transformation.
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Linear Transformations
A transformation ( or mapping) T is linear if:
i) T(u+v) =T(u)+ T'(v) for all the vectors u, v in the domain of 7.
ii) T'(cu) = ¢T'(u) for all the vectors u in the domain of 7" and all the scalars c.

Example: Let T:R? — R3 be given by

r([7])-

Let us show that T is a linear transformation:

(i)

o3 [2]) - o (5] -] s
LI R R e
R (RS

(BIE I
cT =c x = cx .
4 [ Tty J [ cx +cy J
By i) and ii) 7" is a linear transformation.

Remark 1: Conditions for a linear transformation can be written as only one
equation:

T(cu+dv) =cT(u)+dT(v)
for all u, v € R™, and for all scalars ¢ and d.

Remark 2: For any linear transformation 7',

T(0) = T(0u) = 0T (u) = 0.
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Example: Let T:R? — R? be given by

r(l3])-1

Show that T is not a linear transformation.
Solution:

T
Y

Yy
r+1

|

() = rlla])=a]
(B B R P
r([]) # () wers

Y

cy
cr + ¢

=[]

Example: For any m x n matrix A, the matrix transformation 7" : R* — R™

given by
T(X)=AX

is a linear transformation.

Solution: We need to show that if A is an m x n
in R™, and c is a scalar, then:

A(u+v) = Au+ Av
A(cu) = c(Au).

For simplicity, take m = 3 and n = 2. Let

a1z a2
U1
A= | an ax , U= , U=
U2
a31 as2
ailz Qi2 r u v
1 1
Alu+v) = Q21 Q22 +
(%) V2
| @31 G32 | -
[ ailz Qi2 | r
a a (A1 + U1
= 21 a22 =
U + V2
| @31 G32 | -
a11u1 + ajols a11v1 + a12v2
= Q21U + Q22U | + | A21V1 + Q2202
| @31U1 + a32U2 a31v1 + a2V

matrix, v and v are vectors

)

V2

ary(uy +v1) + arz(ug + vo)
as1(uy + v1) + age(ug + vo)
azi(uy + v1) + asz(ug + vo)
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ail Q12 ailz Qi2
(751 U1
= ag1  a22 <[ ]) + | a1 ao2 <[ ])
U9 V2
asy Qass a31 a3z
= Au+ Av.
[ ail Q12 ailx Qi2
(751 &05]
Alcu) = | ax azz] <C[ ]): {am azz] <l D
U9 CUg
| a31 Q32 a31 a3z
[ aricur + aracus
= a21CU1 + A22CU2
| @31CU1 + G32CU2
a11U1 + aias ail ap2 U
= C| Ga1uU1 + QU2 | =C| G21 a2 <[ ul ]) = c(Au)
a31uy + aszaus asy aso 2
Example: Let
1 2 3 1 0
A= 4 =5 6 |, u= 4 |,andv=|1
-9 8 7 -3 2
Compute Au, Av, A(u+ v), and A(5u).
Solution:
1 2 371 1 1+8—-9 0
Au = 4 -5 6 4 | = 4 —20—18 =\ -34|.
| —9 8 711 -3 —9+32-21 2
1 237710 0+24+6 8
Av = 4 =5 6 1|1 =10-5+12 | = 7.
| —9 8 7112 0+8+14 22
Alu+v) = A(u)+ A(v)
0 8 8
2 22 24
0 0
A(bu) =5(Au) =51] =34 | = | =170
2 10
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Example: Let A =

—_ O N

1
—1 andu:[;].
2

Let T : R* — R® defined by T'(X) = AX.
a) Find T'(u).

1
b) Find a vector X in R? such that T(X) = [ -3 } :
4

c) Is there another vector Y # X such that T'(Y) =

~1
-3 |.
]
1

d) Is W = [ 1 ] in the range of 77
—2

Solution: a)

b) We need to find a vector X = [ o

X2

(2|20 ][2]- =)

Corresponding augmented matrix:

1 2|-1 (1 2] -1
~1 0[-3|~|0 1]-2].
2 1| 4] |0 o] 0

Then, 9 = =2 and 1 = —1 — 225 = 3. Thus,X:[II]:[ 3],

1 2
-1 0
21

] such that

c) Since the system

5
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d) We need to check whether the equation

o([2])- 1oz ]

has a solution:

which is inconsistent.

1
So, W = { 1 ] is not in the range of T
—2
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The matrix of a Linear Transformation

We have seen that for any m x n matrix A, the transformation 7" : R* — R™
defined by T'(X) = AX is a linear transformation.

Conversely, for any linear transformation 7' : R® — R™ there is a unique m X n
matrix A such that T'(X) = AX.

The matrix A is called the standard matrix for 7.

Examples:
TR R T T _ T+ 2y _ 1 2 T
Y Y 01 y
—_——
Agxa
- [z + 2y 1 2
T:R2—>R3,T<z>: —z | =|-10 l‘"’”]
LY 20 +y 2 1 |LY
- ————
Aszx2
T T
3 2 [ —I |l x+2y—-3z | |1 2 -3 [ —I
A2><3
Definition: Standard basis for R" is given by
1 0 0
1 0
82{61,62,...,6n}: . s . PN X
0 0 1
Let T : R — R™ be a linear transformation such that
a1 a12 A1n
a21 22 A2n
T(61) = : 7T(62) = : 7"'7T(6n) =
Am1 Am2 Amn

Then the m x n matrix A given by

iz Qi2 -+ Qin

Q21 Q22 - Q2n
Ar =

Am1 Am2 - Qmn

mxXn

is the standard matrix for 7.
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Example: Find the standard matrix of the linear transformation 7' : R® — R*
given by

. T —2y+z
T y 3r — 4y + 5z

e y+z

—3x + 5y — 4z
Solution:
HIEE N[
T(61) =T 0 = 0 s T(62) =T 1 = 1 s

L0 ] -3 0 )

e
T(eg)T( 0 )
_1_

So, the standard matrix of T is

=~ = Ot

Ar =

) 1 1
—4 v 3 -4 5|7
1 Y911 0o 1 1Y
5 & 3 05 —4|L7

Example: Reflection in the z— axis is a linear transformation:

() =1a)=1 25 ]

Example: Let T : R? — R? be given by

(D=1 ]-0 s

T rotates the vectors in R? 90° counterclockwise about the origin.

1 1

3 5

0 e Then, T (
-3 —4
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Examples (Rotations): A rotation in the plane is a linear transformation:

Let T : R? — R? and lz] be any point in R?. Then,
x 1] 0
HMERtEH
(] *® _ | cos¢ n —singp_ | cosp —singp x
y |/ sin y cosp | | sing  cosg y |’

rotation matrix

The linear transformation R, : R* — R?

w([2])-[ e e[

rotates the vectors counterclockwise by angle .

0 R AR

9
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Horizontal shear and Vertical shear: The linear transformation

e[t 1]

is called a horizontal shear (or z—shear).
Similarly, the linear transformation

w2 =L ] =Lt

is called a vertical shear (or y—shear) for any number a.

Example: Let A = [ (1) ? ]

The transformation T': R* — R? given by T'(X) = AX is a positive z—shear.

o2 ([2 e (2]

Solution:
0] 1 2 0 4
T< 2_)‘ 1 21 |21
2 ] 1 2 2 2
T< 0_)‘ 0 1 0| |0}l
[ 2] 1 2721 [6]
T<_2_>:_0 1 _2_:_2_'

The linear transformation 7" : R? — R? defined by

r([3])--15)
Yy Yy
is called a contraction if 0 < r <1 and a dilation if » > 1.

Definition: Let T : R — R™ be a linear transformation.

(1) Iffor each vector bin R™ there is at least one vector X in R" such that T'(X) = b,
then T is said to be onto R™.

(2) If each vector b in R™ is the image of at most one vector X in R", then T is
said to be one-to-one.
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Example: Let T : R? — R? be a linear transformation such that
1 0 0
1 2 3
(BN -2 (1)1 (D) =121

a) Is T onto? Explain your answer.
b) Is T one-to-one? Explain your answer.

Solution:
1 2 3 1 2 3
a) Since A does not have a pivot position in each row, 7" is not onto.

b) AX = 0 has infinitely many solutions. So, T" is not one-to-one.

Theorem: Let T : R* — R™ be a linear transformation, and let A,,«, be the
standard matrix of 7.

(1) T is one-to-one <= T'(X) = 0 has only the trivial solution.
<= Columns of A are linearly independent.

<= Each column of A has a pivot position.

(2) T is onto <= Columns of A span R™.
<= Each row of A has a pivot position.

<= For each b € R, AX = b is consistent.
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Example: T : R — R* given by

T1+ T2 — T3

1 T T
1= 42
T )
To + X3
T3
r1 — X9

i) Is T one-to-one? Explain your answer.

ii) Is T" onto? Explain your answer.

Solution:
1 1 —1 11 -1
1 -1 0 01 1
Ar=149 1 1]~loo 3
1 -1 0 00 0

i) Since each column of REF of Ay has a pivot position, the columns of Ar are
linearly independent, and so 7" is one-to-one.

ii) Since each row of REF of Ay does not have a pivot position, 7" is not onto.

Remark: If T : R* — R™ is a linear transformation and {vy, v, v3} is a linearly
dependent set in R", then {T'(vy), T (v2),T(v3)} is linearly dependent in R™.

Example: The vectors

1 4 2
V1 = 0 , Uy = —1 , U3 = —1
1 3 1
are linearly dependent since vg = —2v; + vs.

For any linear transformation 7" : R® — R™
T(vs) = T(—2v1 + v3) = =21 (v1) + T'(v2).

Thus, the vectors
T'(v1), T(v2), T(vs)

are also linearly dependent.
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Remark: If {v;,v9,v3} is a linearly independent set, then {T'(vy),T(vs),T(vs)}
does not need to be linearly independent.

Example: Consider the linear transformation 7' : R3 — R?

T il _ T+ 229 + 323
2 | 22 + 4a + 623
€3
The vectors
1 0 0
€1 = 0 , €0 = 1 ,€3 = 0
0 0 1

are linearly independent but

T(el)Zl;], T(ez)Zlﬂj(%):lg]

are linearly dependent.
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MATRIX OPERATIONS

An m x n matrix A is a rectangular array of numbers with m rows and n columns.
We denote an m x n matrix A as

Ay Gy a,
A Ay Gy, e Gy, B
- : : : : - (aif) 1<i<m
aml am2 e amn

The entry a;; is called the (i, j)-entry of A.

If m = n, then A is called a square matrix of order n, and
the entries a,,, a,,,..., a, form the main diagonal of A.

n

The identity matrix [, of size n X n is a matrix such that all the main diagonal
entries are 1, and all other entries are 0.

1 00
12:[(1) (1)], I3=101 0
0 0 1
are the identity matrices of sizes 2 x 2 and 3 x 3, respectively.
10
0 1 | is not an identity matrix.

0 0

An m X n matrix whose entries are all zero is a zero matrix.
000 0 0

Examples: | 0 0 0 |, 0 0
000 0 0

Let Ay xn = (a;5) and B,y = (b;;). Then,

A— B e m:randn:.sand‘
Q5 = bij for all 7 and 7]
Example: Let A = i@z s g B = 21— . Then,
a1 Qo2 Q23 5 6 8
_ air = 2,a12 = 1,a13 = —4,
A_B@{ a1 =5, a2 = 6, a3 = 8.
5
Example: The matrices Rix3 = [ 5 =2 4 } and C3x1 = | —2 | have the same
4

entries but they are not equal (they have different sizes).



‘A & § Alaca MATH 1104 Linear Algebra Lecture Notes| 15

Let
4 0
1 2 3 350
A:[457] , B=1]1 3 ,andC:l_121] .
2x3 8 6 2x3
3x2
Then
| 1+3 245 340 |4 7 3
A+C_l4—1 542 7+1]_l3 7 8]“’

A+ B = can not be done.

If A and B are matrices of the same size, their sum A + B is a matrix of the same
size formed by adding corresponding entries in A and B.

If A is a matrix and c is a scalar, the product cA is a matrix of the same size as A
in which every entry is multiplied by c.

Example:
5 -1 0| | -5 0
2 3| | 10 15 |~

Theorem: Let A, B and C' be matrices of the same size, and let r and s be scalars.
Then

A+B=B+A
(A+B)+C=A+ (B+0C)
A+0=A

r(A+ B)=rA+rB
(r+s)A=rA+sA
r(sA) = (rs)A
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Matrix Multiplication: | A Buxk = Crxk

Example:
- 4 -1
AB — 1 2 3 1 | 442424 —-1+6+18 | |30 23
1457 g | 1645456 —4+15442 | | 77 53 |°
[ 4 —1 0 3 5
BA=]1 3 l le g ?7) ] =13 17 24
8 6 2x3 32 46 66
- 3x2 3x3
Matrix product is not commutative.
A, .C, .= can not be done.

C,.,A, , = can not be done.

Example: Let

Then,
05|[3 7 00
AB:[O 2“0 0]‘[0 0]‘
So, AB=0but A#0, B#0.

Example: Let

[0 1 1 1] [3 4
AB = 0 213 4| |6 8
- AB = AC
) T rs B#C
0 1 2 5 3
AC__02 34| |6 8
Warnings:

e In general, AB # BA.
o If AB = AC, then it is not true in general that B = C.

o If AB = 0 (zero matrix), you cannot conclude in general that either A = 0 or
B =0.
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Theorem: Let A be an m x n matrix, and let B and C' have sizes for which the

indicated sums and products are defined. Then
A(BC) = (AB)C
A(B+C)=AB+ AC
(B+C)A=BA+CA

r(AB) = (rA)B = A(rB) for any scalar r

I, A=A=AI,

1 -1 1
Example: Let A= 0 1 -1

0 0

Find A%, A3 and A%

Solution:
1 -1 1 1 -1 1 1 — 3
A2=10 1 -1 0 1 —1|=|0 1 —=21.
0 0 1 0o 0 1 0 1
1 -1 1 1 -2 3
A2 = AA’ =10 1 -1 0 1 -2
0 0 1 0 0 1
1 -3 6
A2 = |0 1 -3
0o 0 1
Similarly,
1 —4 10
At = AA% = 1 —4
0 1

0
0
3
Example: Let A = [ 5 ] and B = [

ESENN
_ 1

For what value(s) of k, AB = BA?

Solution:

-5 1 5 k —-30 —20+F

74 3 —4 1 —24
BA_[5 k:H—5 1]‘[15—51{ —20 +

S ER B

|
‘|
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ThenAB:BA@{ 15 — 5k = —30 and }

12 — 4k = —24.

Thus, AB=BA < k=09.

Example: Let

1 =2 -1 2 —1
A:l_2 5]andAB:[ 6 —9 3].

Determine the first and second columns of B.

a b ¢

d e f

1 -2 a b c -1 2 -1
AB:[—2 5]ldef]:l 6 —9 3]‘

This gives that
1 -2 a | a—2d | | —1
-2 5 d| | —2a+5d | 6 |

The augmented matrix is

R NEHE RN

To determine the second column of B is left as an exercise.
The transpose of an m x n matrix A is the n X m matrix whose columns are
the corresponding rows of A, and denoted by AT.

Solution: Let B = [ ] Then,

Example:
(3 —1 2 36 0
A=16 7 8|=A4T=|-171].
|0 15 2 85
[a b ¢ T a d
B = de f =B"=|b e|.
- f
Properties of Transpose:
(AT)" = A

(A+B)" = AT + BT
(rA)T =rAT

(AB)T = BTA”.
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Example: Let

31 10 6 7
(AB)Y' =BTAT = | 2 4 [3 7]: 14 28 |.
0 5 15 35
1 00
Example: Let A= | a —1 0 |.
0 b1

For what values of ¢ and b:

(i) A2 = I;? (ii) AAT = I5?

Solution:
[ 1 0 b 1 0 b
A2 = |a =1 0 a -1 0
| 0 b 1 0 b 1
1 b 2b
= 0 1 ab
lab 0 1

= I3<—=a€e Randb=0.

[1 0 b 1 a 0
AAT = a—10[0—1b]
|0 b1 b 0 1
[ 1+ 02 a b
= a 14+a®> —b
b b  14+b

= I_g(:>a:0andb:0.
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Inverse of a Matrix
Definition: Let A be an n X n square matrix. If there is a matrix B such that
AB=BA=1,

then A is said to be invertible and B is called the inverse of A.

Theorem: Let A = [ a b
c d

A is invertible < ad — be # 0.
1 d —b
At = .
ad — bc [ —Cc a ]

If ad — bc = 0, then A is not invertible.
The determinant of A is det A = ad — bc.

1 2
Example: Let A = [ 3 4 ] .

Since det A =4 —6 = —2# 0, A is invertible.

A= L [ o ] and AA™ = A7 A = I,

1 3
2 6|
Since det A = 0, A is not invertible.
Note: Although A is not a zero matrix, it is not invertible.
Theorem: If A is an invertible n X n matrix, then for each b € R", the equation
AX = b has the unique solution

Example: Let A =

X = A",

Example: Solve the equation
s [ ] 1
w5 -0

det A = —35 — (—33) = —2 £ 0.

Solution:

Thus, A is invertible, and
x 5 —11]7'[1
p— 1 j— - -
=[]0 ] L
7 11 1 -9
- cm [ S]]



‘A & § Alaca MATH 1104 Linear Algebra Lecture Notes| 21

Theorem: Let A and B be n x n invertible matrices and k be a non-zero scalar.
Then,

Example:
1 2

1 3
_ -1 _
LetA—[_1 1]andB —[2 0].

Find (AB)~!, (54)~", (BT)~", and ((AB)7)~".

(AB)™ = B‘IA_IZH g](%“ _ib

Solution:

1[4 1
-3e 4l
o = =361 7))
B l1/15 —2/5]
— | 1/15 1/15 |
o —woy=[3 8][4 3]
e 1
1[4 2
B 5[1 —4]'
Exercise: Let
2 5
13 1
A=| -1 -3 | and C = .
) 4] l1 0 —1]

Verify that C'A = I. Is A invertible? Explain your answer.
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Example: Find A when (AT —21)7! =2 [ ; :1)) ]

Solution:

2 3
- = ([43])-304]
11 3 —1]
_§<ﬁl—2 1_)

- [

(AT —op)t — 2[1 1].

AT = 2I+l3_/? _%S]

=2 1)+ R

72 —1/2 72 —1
- [—1 5/2]:”1:[—1/2 5/2]‘
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Elementary Matrices
An elementary matrix E is a square matrix obtained by performing a single row
operation on an identity matrix.

100
Examples: =0 1 0
0 01
{1 OO—I
(I)R2<—>R32 0 0 1 :E1
[0 1 OJ
4 0 0
(I) R, =4R,: |0 1 0| =F,
0 01
100
(III) Ry =Ry, — 7R, | -7 1 0 | = E3
Tee L 001
a b
Let A= | ¢ d |. Then,
e f
(1 0 0)[a 0] J[a b
EFA = 0 01 c d|l=1]e f|,
|01 0][e f] c d
(4 0 0] b ] [ 4a  4b
EA = 010 d | = c d |,
100 1]]le f] e f
100 a b a b
EsA=|-710 c d|=|c—Ta d-Tb
0 01 e f e f

Note that the matrices F1 A, Es A and E3A are the matrices obtained from A by
performing the elementary row operations I, II and III, respectively.

Each elementary matrix E is invertible. The inverse of E is the elementary matrix
of the same type that transforms E back into I.

Elementary Row Operation | Corresponding Inverse Operation

R, < R; R; < R;

R, = cR; R, = (1/c)R;

R,=R;+cR; |R,=R;—cR,
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Example:
100 100
Ey=1001|=E"'=|001|=E
010 010
(2 0 0] [1/2 0 0
Ey=10 1 — E'=]10 10
10 0 1] 0 01
1 0 0] 1.0 0
Es=1210|=E"'=|-210
10 0 1 | 0 01

Example: Perform the following row operations on I, and write the corresponding
elementary matrices and their inverses.

e Ri= R, — 3R, :

a12:—3inE1
[1 -3 oo [103
El_[o 1]:@1 _[0 1].

o R,=4Ry:
|10 4|1 0
E2_l0 4]2>E2 _lo 1/4]'
.R1<—>R22
101 4|01
Eg—ll 0]:153 _[1 0].
) 1 1 1
Example: Write A = 1 92 and A

as products of elementary matrices.

Solution: First we compute A~

1 1]10 ,

[12|0 1]R2_R2_R1

11 10

Tlo 1| -1 1] By = = Ry

10| 2 -1 L2 -1
“lo 1| -1 1]:”1 _[—1 1]'
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.RQ/:RQ—Rli :>E1: _1 (1)
R/'=R, — Ry: E _[r -
® vy = Iy —lip: == Ly= 0 1
Therefore,
Al = EyE) and A = (B,Ey) ™! = By E,!
1 00
Example: A=]0 0 1
4 2 0

a) Find the inverse of A.
b) Write A and A™! as products of elementary matrices.
Solution: a)

Ry = Ry — 4R,

=~ O -
N OO
o = O
o O =
o = O
— o O

~10 01 010 Ry «—— R3

10 0
Thus, A7 =] -2 0 1/2
01 0

b) First we need to write the corresponding elementary matrix for each row opera-
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tion.
1 00
.Ré:R3—4R1:>E1: 010
az1=—4 -4 01
1 00
e Ry+— Ry—FEy=|[0 0 1
010

.RQ/:%R2:>E3:

o O =
—_
[N =)
(\]

— o O
|

Note that FsFyE1 A =1, and so
A_l = E3E2E1 and A = El_lEz_lEg_l

0 11
Example: Let A= 2 0 1
1 -1 1
Find the inverse of A.
Solution:
0 1 1/1 00
2 0 01 0| R+« R3
1 -1 1|10 0 1
1 —1 1|10 0 1
~[2 01|01 0| R,=R,—2R,
| 0 1 111 0 0

1
~ |0 2 —-1(0 1 -2 Ry «+—— R3
0

1
~10 1 1|10 0| Ry,=Rs—2R,
0

1 -1 1] 00 1 / )
~10 1 1) 10 0| Ry=-3R
0 0 —3|-2 1 —2
1 -1 1 0 0 1 R;:R2_R3
~l0 111 0 o0 ,
0 0 1]2/3 —1/3 2/3| =1~ Rs
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-1 0]-2/3 1/3 1/3
1 0| 1/3 1/3 —2/3 | R, =R+ Ry
0 1| 2/3 —1/3 2/3

2
oo~

1.0 0|-1/3 2/3 —1/3
~l0 10| 1/3 1/3 —2/3
00 1| 2/3 —1/3 2/3

Thus,
-1 2 -1
At =C 1 1 =2
31 9 1 9

The Invertible Matrix Theorem

Let A be a square nxn matrix. Then the following statements are equivalent.
a. A is an invertible matrix.
b. A is row equivalent to I,,.
c. REF of A has a pivot position in each row.
d. REF of A has a pivot position in each column.
e. The equation Ax = 0 has only the trivial solution.

f. The columns of A form a linearly independent set.

g. The equation Az = b is consistent for every b in R".
h. The columns of A span R".
i. AT is an invertible matrix.

j- There is an nxn matrix C' such that
AC=CA=1.

k. The linear transformation 7T'(z) = Ax is one-to-one.

1. The linear transformation 7'(z) = Ax is onto.

Note that if the matrix A is not a square matrix then the Invertible
Matrix Theorem does not apply.
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Example: Consider the following matrix A.

1 3 -5 1 3 -5
0 2 -3 02 -3
A=1"9 4 71~loo0 1
1 5 -8 00 0

e Since row echelon form of A has a pivot position in each column, columns of A
are linearly independent.

e Since each row of REF of A does not have a pivot, columns of A do not span R*.
e Columns of A are linearly independent , but they do not span R*.

e Since A is not a square matrix, the invertible matrix theorem does not apply.

Example: By Invertible matrix theorem, the matrix

5 3 2
A=10 7 1 | isinvertible since A is a 3 X 3 matrix, and it has 3 pivot positions.
009

Invertible Linear Transformations

Let T : R — R"™ be a linear transformation. 7 is said to be invertible if there
exists a linear transformation S : R — R" such that

S(T(X)) =X and T(S(X)) = X.
for all X in R™.
Theorem: Let T : R — R" be a linear transformation, and let A be the standard
matrix for 7. Then, T is invertible if and only if A is invertible, and the inverse of
T is given by T71(X) = A7'X.
Example: Let T : R? — R? be given by

T X1 . 61’1 — 81’2

i) o —51’1 + 71’2 '

Show that T is invertible and find a formula for 7.
Solution: The standard matrix of T' is

N

det A =42 — 40 = 2 £ 0.

A is invertible, and so T is invertible.

_ 117 8 7/2 4
1 _ = _
A —2[5 6]—l5/23],thus
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ro-anx - (22 4] 2]

. [ (7/2)1’1 +4l’2 ]
L (5/2)x1 + 33 |

Let us verify that T(T-Y(X)) =T YT(X)) = X:

T(T7Y(X)) = T(T‘qul])

3 (e ][5

HHIEHIE

Similarly, T-1(T(X)) = X as well.



